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We discuss the quantization of vacuum Bianchi I spacetimes in the modified formalism of loop
quantum cosmology recently proposed by Dapor and Liegener. This modification is based on a
regularization procedure where both the Euclidean and Lorentzian terms of the Hamiltonian are
treated independently. Whereas the Euclidean part has already been dealt with in the literature
for Bianchi I spacetimes, the Lorentzian one has not yet been represented quantum mechanically.
After a brief review of the quantum kinematics and the quantization of the Euclidean sector, we
represent the Lorentzian part of the Hamiltonian constraint by an operator according to the factor
ordering rules of the Mart´ın-Benito–Mena Maruga´n–Olmedo prescription. We study the general
properties of this quantum operator and the superselection rules derived therefrom, resulting in an
action similar to that of the Euclidean operator except that the orientation of the densitized triad is
not preserved, a fact which leads to a generic enlargement of the superselection sectors. We conclude
with an explanation of the mechanism that prevents this enlargement in the isotropic case and a
comment on the effect of alternative prescriptions for the implementation of the improved dynamics.
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2I. INTRODUCTION
Loop quantum gravity (LQG) stands among the most promising proposals for the formulation of a quantum theory
of gravitation [1, 2] that would reconcile the principles of the two fundamental pillars of modern theoretical physics:
general relativity (GR) [3, 4] and quantum mechanics [5, 6]. It is a nonperturbative quantization of GR independent of
any spacetime background structure. In its canonical formulation, the basic variables are holonomies of the Ashtekar-
Barbero [su(2) gauge] connection along closed loops and fluxes of the densitized triad across surfaces. These variables
are restricted by a series of constraints that encode the information about the symmetries of the triadic formulation
of GR, namely spacetime diffeomorphisms and SU(2) gauge transformations. Following Dirac [7], these constraints
are represented by operators acting on the kinematical Hilbert space of the theory and physical states are required to
be annihilated by them.
The techniques of LQG have succeeded in achieving a complete and consistent quantization of cosmological space-
times. This conjunction of LQG and cosmology led to the birth of a new field of research named loop quantum
cosmology (LQC) [8, 9], that has experienced a rapid evolution in the past years. Within this context, a variety
of scenarios have been thoroughly studied, such as Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) [10–12], Bianchi
[13–17], and Gowdy [18–21] cosmologies. In LQC, the big bang singularity is found to be resolved, which is counted
among the most outstanding results in the field. Instead of collapsing, the Universe undergoes a quantum bounce
when the energy density becomes comparable with the Planck density. Typically, the spacetime curvature turns out
to decrease quickly away from the bounce. Therefore, just a few Planck times after or before the bounce, GR is fit
to describe the cosmological dynamics with a very good accuracy. For this reason, it is often said that two classical
universes (the prebounce one, that contracts, and the postbounce one, that expands) are linked together by the
bounce. Moreover, semiclassical states at large volumes have been found to stay peaked across the bounce region and
the quantum evolution of their peaks is well approximated by an effective dynamics [11]. In this sense, the bounce is
referred to as being deterministic.
Nonetheless, the formulation of LQC is not unambiguous. Indeed, the regularization of the Hamiltonian constraint
(which generates time reparametrizations once the spatial diffeomorphisms and the Gauss constraints have been
imposed) involves certain ambiguities [22–24], which were originally resolved by appealing to some apparently natural
physical criteria. However, a new tendency has arisen recently: other options that result in viable physical pictures
are being examined by comparing their physical predictions. This exercise is particularly interesting when it comes
to alternatives that lie closer to full LQG, in that their regularization procedure follows more faithfully the strategy
of the full theory. These cases have sparked the curiosity of the scientific community lately, resulting in an extensive
analysis of the cosmological dynamics and the singularity resolution in these modified alternatives, in order to seek
quantitative and/or qualitative differences with respect to the standard LQC picture.
One is led to expect the existence of alternatives that are closer to full LQG because the regularization procedure
in LQG and the one that has been commonly employed in LQC have some fundamental differences. These lie in the
treatment of the two pieces that compose the gravitational Hamiltonian constraint in GR: the so-called Euclidean
and Lorentzian parts. In LQG, each of them requires a separate quantization strategy. The regularization procedure
usually employed in LQC, however, relies on the fact that the Euclidean and Lorentzian parts are proportional
when the spatial sections of the spacetime under consideration are flat. For this reason, the Hamiltonian constraint
has predominantly been quantized as being proportional to the Euclidean part alone. As of yet, we do not fully
comprehend the details of how LQG and LQC are related to each other (see, e.g., Refs. [25–29]). Therefore, the
cosmological dynamics resulting from the standard approach to LQC is not ensured to capture the full cosmological
dynamics in LQG. Hence, it seems reasonable to analyze suitable alternative approaches to LQC that are closer to
LQG with the objective of shedding light on whether the classical singularity is also resolved by a quantum bounce
in the full theory.
Recently, Dapor and Liegener put forward a regularization procedure that was originally conceived in the context
of LQG and applied it, without any modification, to LQC [30–32], retrieving an effective Hamiltonian (already
considered by Yang, Ding, and Ma [33]) that has given rise to a number of works in the past year [34–39]. Although
an examination of the quantum dynamics revealed that the initial singularity was resolved in this formalism, the
bouncing picture underwent a qualitative modification. While it still involved a large classical universe, a de Sitter
epoch with an emergent Planckian cosmological constant appeared as well. Therefore, the bounce was noted to be
asymmetric, such that it either joins a de Sitter contracting solution and a classical expanding universe or the other
way around.
Notably, the asymmetric nature of the bounce appears to be supported by other investigations. For instance, a
recent study [40], employing for the first time a gauge invariant treatment of the singularity resolution, has reinforced
the idea that the bounce needs to be asymmetric. From this perspective, the symmetric bounces obtained in the
standard approach to LQC would be an artifact of the gauge fixing in the fluxes of the densitized triad. On the
other hand, the authors of Ref. [41] have proposed a procedure to obtain yet another modification of the Hamiltonian
3constraint, based on a regularization of the Euclidean and Lorentzian parts consisting in expressing them in terms of
the Chern-Simons action on the spatial sections. The resulting model (which appears to yield the correct classical
limit) is nonsingular, and the big bang is also replaced with a quantum bounce that is asymmetric.
However, all the studies cited above (with the exception of some parts of Ref. [39]) have been performed in
homogeneous and isotropic spacetimes. For this reason, it is interesting to try and generalize this formalism to less
symmetric scenarios such as anisotropic cosmologies. Because of their simplicity, Bianchi I cosmologies (which are
spatially flat and homogeneous, but anisotropic [42]) appear to be the natural first step. Although these spacetimes
have been extensively studied within the framework of LQC, the Lorentzian term of the corresponding Hamiltonian
constraint had not been discussed before Ref. [39], where a preliminary analysis of Bianchi I cosmologies was used as
the starting point to identify a natural symmetrization that could be respected upon taking the isotropic limit, so as
to motivate a preferred factor ordering prescription in flat FLRW spacetimes. In that reference, the Lorentzian part
was only regularized classically. Nothing has been said so far about its quantum representation and the subsequent
properties of the quantum theory.
The aim of this paper is precisely to fill this gap in the literature. We will consider Bianchi I cosmologies and
discuss their loop quantization in the context of the Dapor-Liegener formalism. In other words, we will regularize
the full Hamiltonian constraint without appealing to symmetry considerations and analyze the properties of the
quantum theory derived from this modified Hamiltonian. In its quantum representation, we will employ the so-called
MMO prescription, which receives its name from the initials of its three authors: Mart´ın-Benito, Mena Maruga´n, and
Olmedo. This prescription differs from other existing prescriptions (e.g. the one proposed in Ref. [11]) in that it gives
rise to some particularly good features in the quantum theory, such as the kinematical decoupling of the quantum
analog of the classically singular states and the definition of superselection sectors which are especially simple. It is
interesting to see whether those advantages prevail in this scenario.
This paper is structured as follows. In Sec. II, we begin by introducing the quantum kinematical aspects of the model
that are relevant to our work. Then, after introducing the Hamiltonian constraint and its different regularizations
in Sec. III, we review in Sec. IV the quantum representation of the Euclidean part of the Hamiltonian, focusing on
its structure and on the superselection rules defined by its action. Once this task is completed, we proceed to the
treatment of the Lorentzian term in Sec. V. After its quantum representation and the computation of its action, we
study in Sec. VA whether the superselection sectors of the Euclidean term are altered. We then include a comment on
the relation with the superselection rules of the isotropic scenario in Sec. VB, and a summary of our results, followed
by a brief discussion on the implementation of the improved dynamics (Sec. VI). Finally, in the Appendix we futher
comment on the conventions followed in isotropic and in Bianchi I LQC, and recast the Dapor-Liegener formalism of
flat FLRW LQC constructed in Ref. [39] in a way such that it is immediately comparable with the present work.
II. QUANTUM KINEMATICS
In this section, we present a brief review of the quantum kinematics of Bianchi I cosmologies [13, 15, 16]. We
restrict our analysis to the case where the spatial sections are compact and homeomorphic to a three-torus T 3.
The first step in this direction consists in coordinatizing the phase space of the system using Ashtekar-Barbero
variables. Unlike in the cases with noncompact spatial sections, the introduction of an auxiliary, finite fiducial cell
is not required in principle. Indeed, the model already provides us with a natural choice, namely the entire T 3
section, which we take with sides of coordinate length 2π. If we consider a diagonal Euclidean fiducial triad1, all the
gravitational degrees of freedom are encoded in a pair of canonical variables per orthogonal spatial direction. In more
detail, the Ashtekar-Barbero variables can be expressed as
Aia =
ci
2π
δia, E
a
i =
pi
4π2
δai , (2.1)
where Aia and E
a
i are the Ashtekar-Barbero connection and the densitized triad, respectively. From now on, spatial
indices (ranging from 1 to 3) will be denoted by Latin letters from the beginning of the alphabet (a, b, c...). The
internal SU(2) indices (labeled by i = θ, σ, δ), however, will be taken from the middle of the Latin alphabet instead
(i, j, k...). Furthermore, although we will employ Einstein’s summation convention for spatial indices (i.e., whenever
two indices are repeated, a sum is to be understood over all the values they can adopt), we will not use it when SU(2)
indices are involved.
1 As discussed in Ref. [14], the physical quantities are independent of this choice.
4The connection and triad variables, ci and pi respectively, have the following nontrivial Poisson brackets:
{ci, pj} = 8πGγδij, (2.2)
where G is the Newton constant and γ is the Immirzi parameter.
Once the classical phase space of the system has been characterized, we seek its so-called polymeric representation,
employed in the implementation of the program of LQC. In order to do so, we first describe the configuration space
using holonomies of the Ashtekar-Barbero connection. Actually, given the homogeneity of the model, it suffices to
consider holonomies along straight edges in each of the fiducial spatial directions. If we take edges of fiducial length
2πµi ∈ R oriented along the i-th direction, we obtain the basic holonomies
hµii (c
i) = exp
(
− iµic
iσi
2
)
= cos
(
µic
i
2
)
I− i sin
(
µic
i
2
)
σi, (2.3)
where I is the 2× 2 identity matrix and σi are the Pauli matrices. Finally, we complete the phase space by including
the fluxes of the densitized triad through fiducial rectangles that are normal to one of the considered spatial directions.
For instance, the triad flux through a rectangle normal to the i-th fiducial direction and with fiducial area Si can be
written as E(Si) = piS
i/(4π2).
As usual, the configuration algebra is that of the almost periodic functions of the connection variables, that are
generated by the holonomy matrix elements
∏
iNµi(ci) =
∏
i exp(iµic
i/2), with µi ∈ R. Upon quantization, a ket
state |µi〉 will be assigned to each of these complex exponentials. The vector space generated by the linear span of
the tensor products of one of such states per spatial direction, |µθ, µσ, µδ〉 = ⊗i=θ,σ,δ |µi〉, will be denoted by
CylS = span{|µθ, µσ, µδ〉 : µi ∈ R}. (2.4)
This vector space is the analog of the space of cylindrical functions in full LQG. The kinematical Hilbert space of the
system Hkin = ⊗iHkini is obtained by completing the previous vector space CylS with respect to the norm defined
by the discrete inner product 〈µi|µ′i〉 = δµi,µi′ in each spatial direction. Therefore, the states |µθ, µσ, µδ〉 provide an
orthonormal basis of Hkin.
The final step in the characterization of the quantum kinematical aspects of the model consists in the determination
of the action of the fundamental operators, namely the triad operator and the basic holonomies, on the kinematical
Hilbert space. But, before doing so, a final matter remains to be discussed: the implementation of the quantization
prescription for LQC that is commonly referred to as improved dynamics.
As it is well-known, in LQG there is a minimum nonzero eigenvalue allowed by the area operator, ∆, which is often
called the area gap. Traditionally, one introduces a “minimum length” within the framework of LQC in order to
account for this feature of the full theory. In practice, one demands that the area of the rectangular holonomy circuits
be equal to this area gap. The two different possibilities of imposing this restriction on either the fiducial or the
physical area have been studied. The first option leads to the so-called µ0-scheme, which is known to yield unphysical
predictions [10]. For this reason, the second option, named the µ¯-scheme or improved dynamics, is preferred in the
literature. Notice that, in this latter scheme, the minimum coordinate length is a nontrivial function on phase space,
since it depends on the triad variables, which are involved in the expression of the physical area. In the isotropic
case, there is a general consensus about how to implement the improved dynamics [11]. In anisotropic scenarios, on
the other hand, the proposal that is more widely accepted is the one put forward by Ashtekar and Wilson-Ewing in
Ref. [16]. In the following, we will adhere to this proposal, although in Sec. VI we will briefly consider an alternative
prescription, presented in Ref. [13], that leads to a quantum theory which is simpler when the Lorentzian part of the
gravitational Hamiltonian is regularized independently.
According to the proposal of Ashtekar and Wilson-Ewing, the existence of the area gap results in a minimum
coordinate length in each fiducial spatial direction µ¯i given by
µ¯i =
√
∆
√∣∣∣∣ pipjpk
∣∣∣∣, (2.5)
where i, j, and k are understood to be different from one another.
Before writing down the action of the fundamental operators on the orthonormal basis of the kinematical Hilbert
space introduced above, it is convenient to relabel the states of this basis in order to simplify the resulting formulae.
In the anisotropic case, the optimal choice of parameters is
λi(pi) =
sgn(pi)
√|pi|
(4πGγ
√
∆)1/3
. (2.6)
5Using this reparametrization, the action of the basic holonomy operators Nˆ±µ¯i adopts the expression
Nˆ±µ¯θ |λθ, λσ, λδ〉 =
∣∣∣∣λθ ± 12|λσλδ| , λσ, λδ
〉
, (2.7)
and similarly for the two remaining spatial directions. Furthermore, these ket states are eigenstates of the triad
operators,
pˆi |λθ, λσ, λδ〉 = (4πGγ
√
∆)2/3sgn(λi)|λi|2 |λθ, λσ, λδ〉 . (2.8)
It is also interesting to discuss the action of the physical volume operator, Vˆ = ̂
√|pθpσpδ|. Since it is given by
a product of powers of the triad operators, the states of the orthonormal basis introduced in this section are also
eigenstates of the volume. For this reason, we may refer to this basis as the “volume eigenbasis”. From Eq. (2.8), it
follows trivially that the action of the volume operator on the kinematical Hilbert space is given by
Vˆ |λθ, λσ, λδ〉 = 4πGγ
√
∆|λθλσλδ| |λθ, λσ, λδ〉 . (2.9)
In analogy with the isotropic case, we can define a dimensionless parameter v which is proportional to the physical
volume of the Universe. Indeed, in FLRW spacetimes, V = 2πGγ
√
∆|v|. Using the same definition, we determine
that its anisotropic analog (that we will denote with the same letter for simplicity) takes the value v = 2λθλσλδ in
the considered basis.
We can rewrite the action of the fundamental operators in an alternative representation by replacing λθ by v (any
λi could be replaced in the same way without any substantial modification, but this choice is the most common one in
the literature). The action of the fundamental operators in the v-representation —as opposed to the λ-representation
in Eqs. (2.7) and (2.8)— adopts the form
Nˆ±µ¯θ |v, λσ, λδ〉 = |v ± sgn(λσλδ), λσ, λδ〉 , (2.10)
Nˆ±µ¯σ |v, λσ, λδ〉 =
∣∣∣∣v ± sgn(vλσ), v ± sgn(vλσ)v λσ, λδ
〉
, (2.11)
pˆθ |v, λσ, λδ〉 = (4πGγ
√
∆)2/3sgn
(
v
λσλδ
)
v2
4λ2σλ
2
δ
|v, λσ, λδ〉 , (2.12)
pˆσ |v, λσ, λδ〉 = (4πGγ
√
∆)2/3sgn (λσ)λ
2
σ |v, λσ , λδ〉 . (2.13)
The action of the δ-operators is completely analogous to that of the σ-operators and, thus, we omit it for the sake of
brevity.
Throughout the remaining sections, we will employ both the λ and the v-representations interchangeably, since
some results will be more transparent in the former of these representations, and others in the latter.
III. THE HAMILTONIAN CONSTRAINT: TWO REGULARIZATION PROCEDURES
The fact that GR is a completely constrained theory (i.e., its associated Hamiltonian is an integrated linear com-
bination of constraints) implies that the canonical variables that encode the gravitational degrees of freedom cannot
vary arbitrarily but are bound to satisfy a number of constraints instead. In the triadic formulation of GR there is a
total of seven such constraints: the three Gauss constraints [these appear as a result of the introduction of an SU(2)
gauge symmetry in the triadic formulation], the three momentum or spatial diffeomorphism constraints, and the scalar
or Hamiltonian constraint. Since we are considering homogeneous systems, the spatial diffeomorphism constraints
are trivially satisfied. Likewise, the Gauss constraints contain no relevant information once a choice of fiducial triad
has been made. Hence, the only remaining nontrivial constraint is the Hamiltonian constraint2. Following Dirac [7],
in the LQG program one seeks to represent this Hamiltonian as an operator acting on the kinematical Hilbert space,
and require it to annihilate the physical states. This condition is the quantum mechanical counterpart of the classical
vanishing of the constraint.
2 In our discussion, we will also refer to it as “the Hamiltonian”.
6The gravitational contribution to the Hamiltonian can be written as Hgr(N) = N(HE +HL), where
HE =
1
16πG
∫
d3x e−1
∑
i,j,k
ǫijkE
a
i E
b
jF
k
ab , (3.1)
HL = −1 + γ
2
8πG
∫
d3x e−1
∑
i,j
Eai E
b
jK
i
[aK
j
b]. (3.2)
In these expressions, HE and HL denote the Euclidean and Lorentzian parts of the gravitational Hamiltonian, re-
spectively, and N is the lapse function. Moreover, e =
√|det(E)|, F kab is the curvature tensor associated with the
Ashtekar-Barbero connection Aia, and K
i
a is the triadic extrinsic curvature.
In flat and homogeneous LQC, the gauge connection is equal to the triadic extrinsic curvature (up to a constant
multiplicative factor, namely, the Immirzi parameter). Furthermore, since the spatial derivatives of the connection
must vanish due to homogeneity, the contraction
∑
k ǫ
ij
kF
k
ab turns out to be proportional to K
i
[aK
j
b]. In other words,
the Euclidean and Lorentzian parts are classically proportional in this kind of systems. This observation was crucial
in the construction of the standard formalism of LQC. Indeed, the full gravitational Hamiltonian is written solely in
terms of the Euclidean part and then quantized. That is, a symmetry reduction is performed before the regularization
and quantization procedures take place. Nevertheless, in principle one cannot ensure that these steps commute.
If the Hamiltonian is regularized and quantized in its most general form and the symmetry properties are only
applied afterwards, the resulting quantum theory may differ from the one obtained from the aforementioned standard
procedure. Recently, there has been a number of works devoted to the study of these differences, both in the full
quantum theory and in the effective dynamics derived from it [30–32, 34–39]. Nonetheless, all these works focus on
flat, homogeneous, and isotropic cosmologies. The aim of this article is to extend this analysis to anisotropic cases.
In particular, as we mentioned above, to Bianchi I spacetimes.
Let us begin by writing down the regularized expressions of the Euclidean and Lorentzian parts of the gravitational
Hamiltonian in Bianchi I cosmologies. Although the Euclidean part had already been treated in the literature, the
Lorentzian one was first discussed in this setting in a recent work of ours (see Ref. [39]). Following the procedure
described in that reference, we find that HE and HL can be written as
HBIE =
1
16πGV
∑
i
pi
sin µ¯ic
i
µ¯i
∑
j 6=i
pj
sin µ¯jc
j
µ¯j
, (3.3)
HBIL =−
1
16πGV
1 + γ2
4γ2
∑
i
pi
sin µ¯ic
i
µ¯i
∑
k 6=i
cos µ¯kc
k
∑
j 6=i
pj
sin µ¯jc
j
µ¯j
∑
l 6=j
cos µ¯lc
l. (3.4)
In Sec. IV, we will review the quantum representation of the Euclidean Hamiltonian constraint. Then, in Sec. V, we
will proceed to the quantization of the Lorentzian Hamiltonian according to the MMO prescription, which has never
been done before.
IV. QUANTUM EUCLIDEAN HAMILTONIAN
The quantum representation of the Euclidean part of the Hamiltonian constraint has already been discussed in
a number of works, using different proposals for the implementation of the improved dynamics and different factor
ordering prescriptions [13–17]. In this section, we discuss the quantum representation of Eq. (3.3) using the so-called
MMO quantization prescription. The motivation for considering this prescription is that, in the isotropic case, it is
known to lead to a quantum theory which displays a variety of features that make it simpler and more handleable
than the others found in the literature [12]. This fact has recently been confirmed as well in the formalism of isotropic
LQC based on the independent regularization of the Lorentzian part of the Hamiltonian constraint [39].
The quantization of the Euclidean constraint using the MMO prescription was first discussed in Ref. [15]. In this
section, we briefly review the most important aspects of such a quantization and refer to the aforementioned article
for further details. Following the rules of the MMO prescription (see Sec. IV A of Ref. [39]), we perform an algebraic
symmetrization of the powers of |̂p| and ̂1/√|p|. Furthermore, we symmetrize the terms involving the sign of the
triad variables and the holonomies as
sgn(pi) sin µ¯ic
i −→ Fˆi = 1
2
[
̂sgn(pi), ̂sin µ¯ici
]
+
, (4.1)
7where [· , ·]+ denotes the operator anticommutator, and ̂sin µ¯ici = −i(Nˆ2µ¯i − Nˆ−2µ¯i)/2. These rules, applied to Eq.
(3.3), lead to an operator on Hkin of the form
HˆBIE =
[
1̂
V
]1/2 ∑
i=θ,σ,δ
Hˆ
(i)
E
[ 1̂
V
]1/2
, (4.2)
where, for i 6= j 6= k,
Hˆ
(i)
E =
1
16πG∆
V̂ 1/2
(
Fˆj Vˆ Fˆk + FˆkVˆ Fˆj
)
V̂ 1/2. (4.3)
Let us briefly comment on the factor ordering employed in this definition. First, we notice that the F -operators and
the volume operator (or, equivalently, any power of it) do not commute. For their products, we have chosen the same
ordering as in Ref. [16], so that the results can be readily compared3. The extra symmetrization in Eq. (4.3) is due to
the fact that Fˆj and Fˆk do not commute with each other either, which is a direct consequence of the scheme that we
have adopted to implement the improved dynamics. If we had considered instead, e.g., the proposal of Ref. [13], the
minimum coordinate length µ¯i in a given spatial direction would only depend on the triad variable in the same spatial
direction and, as a result, the commented extra symmetrization would have been unnecessary, with the appropriate
factor ordering for the powers of the volume operator [19].
The inverse volume operator 1̂/V is defined in the usual manner, by means of a Thiemann identity. One finds that
the inverse volume operator annihilates any state that belongs to the kernel of any of the triad operators. We remark
that such states are the ones with a vanishing eigenvolume (i.e., the quantum analog of the classical singularities).
Hence, by virtue of the algebraic symmetrization that is characteristic of the MMO prescription, the Euclidean part of
the quantum Hamiltonian constraint turns out to annihilate the states of zero eigenvolume. Furthermore, it also leaves
invariant the orthogonal complement of these singular states, namely the Hilbert space obtained from the completion
of C˜ylS = span {|v, λσ , λδ〉 : v 6= 0}. These two properties allow us to densitize the constraint operator (4.2), thereby
removing the quantum counterpart of the classical cosmological singularities (that is, the states of vanishing volume).
We often say that, in this sense, singularities decouple already at the kinematical level. Formally, this densitization is
performed by establishing a bijection between the states 〈φ˜| ∈ C˜yl∗S annihilated by the adjoint of HˆBIE and the states
〈φ| ∈ C˜yl∗S annihilated by the adjoint of the densitized Hamiltonian Hˆ BIE =
∑
i Hˆ
(i)
E . From now on, we proceed to
study exclusively this densitized version, so that we will actually refer to it even when the denomination “densitized”
is dropped.
Since the Hamiltonian constraint has a very involved functional form, its spectral properties have not been deter-
mined. Nevertheless, it has been shown that it superselects certain Hilbert subspaces (that is, it leaves invariant those
subspaces), so that in practice our analysis can be restricted to any of them. Let us now study the superselection
sectors of this Hamiltonian operator, for the arguments employed in this simpler case will serve to illustrate our line
of reasoning when we deal with the Lorentzian part in Sec. V.
A. Superselection sectors
The superselection rules can be directly derived from the action of Fˆi on the volume eigenbasis. In the v-
representation,
Fˆθ |v, λσ, λδ〉 =− i
4
sgn(λσλδ)
∑
l=±1
l[sgn(v) + sgn(v + 2l sgn(λσλδ))] |v + 2l sgn(λσλδ), λσ , λδ〉 , (4.4)
Fˆσ |v, λσ, λδ〉 =− i
4
sgn(λσ)
∑
l=±1
l[1 + sgn(|v|+ 2l sgn(λσ))]
∣∣∣∣v + 2l sgn(vλσ), v + 2l sgn(vλσ)v λσ, λδ
〉
. (4.5)
Once again, the action of Fˆδ is similar to that of Fˆσ, replacing σ with δ.
Already at this level, it is possible to see that, under the action of the Euclidean part of the Hamiltonian constraint,
the kinematical Hilbert space splits into eight superselected Hilbert subspaces, with support on each of the eight
3 The specific powers of the volume that appear in Eq. (4.3) are due to a particular choice of quantum representation for 1/µ¯i. The operator
that one obtains in this way for Bianchi I has an isotropic counterpart that slightly differs in its factor ordering from the conventional
operator of flat FLRW. This fact complicates a direct comparison. A detailed discussion of this difference and its consequences is
presented in the Appendix.
8octants defined by the signs of v, λσ, and λδ. Given that each term of the Euclidean part is composed by two
F -operators corresponding to different spatial directions (up to certain powers of the volume operator that do not
significantly affect this discussion4), the superselection sectors of Hˆ BIE can be deduced from those associated with Fˆi.
Let us thus analyze the superselection properties of this latter operator. For definiteness, we restrict our analysis to
the case where the original state is labeled by three positive numbers, |ψ〉 ∈ Cyl+S = span{|v, λσ, λδ〉 : v > 0, λr > 0},
with r = σ, δ. Under the action of Fˆi, only one of the contributions could potentially change the sign of one (or two,
in the case of Fˆσ and Fˆδ) of the labels, namely the one corresponding to l = −1 in Eqs. (4.4) and (4.5). The key
point is that all these contributions are weighted by a factor that vanishes when v < 2, which is the only situation in
which a sign might change. Indeed, the holonomy operators only produce shifts of two units in v and dilations (or
contractions) in the anisotropy variables characterized by a fraction in which the numerator and denominator differ
by two units. Furthermore, in the case of Fˆσ and Fˆδ (which produce both shifts and dilations/contractions), a change
in the sign of an anisotropy variable is always bound to a change in the sign of the volume. Therefore, the weighting
factor that prevents changes in the sign of the volume v actually prevents any change of sign altogether. In conclusion,
we realize that the action of the Euclidean Hamiltonian leaves invariant the Hilbert subspace with support on the
octant where all the signs are positive. A similar argument can be applied to the remaining octants. In this way, we
conclude that the full kinematical Hilbert space actually splits into eight superselected Hilbert subspaces under the
action of Hˆ BIE , as we had anticipated.
Actually, we can be more precise in our description of the superselection sectors. Let us focus on the scenario where
|v, λσ, λδ〉 ∈ Cyl+S . Since each term of the Euclidean part of the Hamiltonian constraint contains two F -operators,
the constraint produces shifts in v of four units, if any, and dilations/contractions in one or both anisotropy variables
(depending on the term). Hence, the subspaces which are superselected under the repeated action of the Hamiltonian
constraint are given by the Cauchy completion of sets of the form
CylS,ε,λσ,λδ = span{|v∗, λ∗σ, λ∗δ〉 : v∗ ∈ L+ε , λ∗r = wελr , wε ∈ Wε}, (4.6)
where λr are the anisotropy variables of the original state on which the constraint operator repeatedly acts, and L+ε
and Wε are certain sets defined below.
On the one hand, it is straightforward to realize that v∗ lies on a discrete semilattice of step four, L+ε , defined by
a real number ε ∈ (0, 4], such that
L+ε = {v∗ = ε+ 4n : n ∈ N}, (4.7)
where N denotes the set of nonnegative integers.
On the other hand, the anisotropies of the target states are obtained by the successive multiplication of fractional
factors in which the numerator and the denominator differ by two units. Therefore, they always are proportional to
the original anisotropies and the proportionality factor wε only depends on ε [see Eq. (4.5)]. Given these remarks, it
is possible to prove that wε can take any value in the discrete set
Wε =

(
ε− 2
ε
)z ∏
n,m∈N
(
ε+ 2n
ε+ 2m
)kn
m
: knm ∈ N; z ∈ Z if ε > 2, z = 0 if ε ≤ 2
 , (4.8)
which is countably infinite and dense in the positive real line [20].
In this way, while the volume v has support on discrete semilattices of step four, the anisotropy variables belong
to a much more involved set. However, in spite of the obvious complications with respect to the isotropic case, the
Euclidean part of the Hamiltonian constraint still superselects separable Hilbert spaces Hε,λσ ,λδ , given by the Cauchy
completion of CylS,ε,λσ ,λδ with respect to the discrete inner product.
V. QUANTUM LORENTZIAN HAMILTONIAN
In this section, we analyze the Lorentzian part of the constraint (3.4) and discuss how the results of the previous
section are altered when this term is included in the Hamiltonian constraint to be quantized without relating it to
the Euclidean contribution by symmetry considerations.
4 These additional factors are relevant only when v = 2, 4. In such cases, those powers of the volume operator annihilate the potentially
singular contributions arising from the action of Fˆi, allowing the well-defined restriction of HˆE to the Cauchy completion of C˜ylS.
9Let us first discuss the quantum representation of the Lorentzian part following the MMO prescription. We begin
by noting that, owing to the factor ordering rules of this prescription, the resulting operator will also be of the form
HˆBIL =
[
1̂
V
]1/2
Hˆ
BI
L
[
1̂
V
]1/2
, (5.1)
like in the case of its Euclidean counterpart, and where Hˆ BIL is the corresponding densitized operator. Then, as it
happened with the Euclidean contribution, since the inverse volume operator annihilates the states in the kernel of
any of the triad operators and leaves invariant the orthogonal complement obtained by the completion of C˜ylS, we
can adopt a well-defined restriction to the latter, thereby decoupling the quantum states of vanishing volume. In the
following we will only study the properties of the densitized counterpart of the Lorentzian Hamiltonian operator.
It is straightforward to realize that the densitized Lorentzian Hamiltonian can be written as
Hˆ
BI
L = −
1
16πG
1 + γ2
4γ2
1
2∆
∑
i
∑
j 6=i
[ ˆ˜G
(α)
i ,
ˆ˜G
(α)
j ]+, (5.2)
where the classical counterpart of ˆ˜G
(α)
i is
5
V sgn(pi) sin µ¯ic
i
∑
k 6=i
cos µ¯kc
k. (5.3)
According to the rules of the MMO prescription, we promote the above classical expression to an operator ˆ˜G
(α)
i on
the kinematical Hilbert space in the following manner:
ˆ˜G
(α)
i =
1
2
[
̂sgn(pi),
ˆ˜Θ
(α)
i
]
+
, (5.4)
where the operator ˆ˜Θ
(α)
i is given by
ˆ˜Θ
(α)
i =
1
2
Vˆ 1/2−α
∑
k 6=i
(
̂sin µ¯ici Vˆ
2α ̂cos µ¯kck + ̂cos µ¯kck Vˆ
2α ̂sin µ¯ici
)
Vˆ 1/2−α, (5.5)
and ̂cos µ¯kck = (Nˆ2µ¯k + Nˆ−2µ¯k)/2. In this expression, we restrict to 0 < α < 1/2, so that all the considered powers
of the volume operator are strictly positive [for negative and vanishing powers, the operator (5.5) would in general
become ill defined].
Once the Lorentzian Hamiltonian operator has been introduced, we proceed to the computation of its action on
the volume eigenbasis. Given the structure presented above, we begin by discussing the action of ˆ˜Θ
(α)
i , from which
the action of ˆ˜G
(α)
i can be immediately derived. Let us first consider the operator
ˆ˜Θ
(α)
θ . In the v-representation,
2i ̂sin µ¯θcθ |v, λσ, λδ〉 =
∑
l=±1
l
∣∣∣∣v + 2l sgn(λσλδ), λσ , λδ〉, (5.6)
2 ̂cos µ¯σcσ |v, λσ, λδ〉 =
∑
l=±1
∣∣∣∣v + 2l sgn(vλσ), v + 2l sgn(vλσ)v λσ, λδ
〉
. (5.7)
The action of the cosine in the δ-direction is entirely analogous to the one presented above. It is straightforward to
show that the action of ˆ˜Θ
(α)
θ on Cyl
+
S yields
ˆ˜Θ
(α)
θ |v, λσ , λδ〉 = −i
π
4
Gγ
√
∆|v|1/2−α
∑
l,m=±1
|v + 2l|2α|v + 2l+ 2m sgn(v + 2l)|1/2−α×
×
{
l
∣∣∣∣v + 2l + 2m sgn(v + 2l), v + 2l + 2m sgn(v + 2l)v + 2l λσ, λδ
〉
+m
∣∣∣∣v + 2l + 2m sgn(v + 2l), v + 2lv λσ, λδ
〉
+ (σ ↔ δ)
}
,
(5.8)
5 As we will see, the label α parametrizes the factor ordering adopted for the powers of the volume operator in the quantization.
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which generically comprises a total of 16 states. It is important to note, however, that the states for which |v+2l| or
|v+2l+2m sgn(v+2l)| vanish do not contribute. This situation can only occur when v = 2 or v = 4. More concretely,
we notice that, if v = 2, the eight states corresponding to l = −1 are absent. Something similar happens with the
four states corresponding to l,m = −1 when v = 4. We will come back to this observation later in our discussion.
Let us now write down the action of ˆ˜Θ
(α)
σ for completeness (the action of
ˆ˜Θ
(α)
δ is entirely analogous to the one
presented below, replacing σ with δ). The action of the relevant combinations of holonomy elements goes as follows:
2i ̂sin µ¯σcσ |v, λσ , λδ〉 =
∑
l=±1
l
∣∣∣∣v + 2l sgn(vλσ), v + 2l sgn(vλσ)v λσ, λδ
〉
, (5.9)
2 ̂cos µ¯θcθ |v, λσ , λδ〉 =
∑
l=±1
|v + 2l sgn(λσλδ), λσ, λδ〉 , (5.10)
and the action of the operator ̂cos µ¯δcδ is obtained from Eq. (5.7) by replacing σ with δ. Particularizing for states
that belong to Cyl+S , we find the following expression for the action of
ˆ˜Θ
(α)
σ :
ˆ˜Θ(α)σ |v, λσ, λδ〉 = −i
π
4
Gγ
√
∆|v|1/2−α
∑
l,m=±1
|v + 2l|2α|v + 2l+ 2m sgn(v + 2l)|1/2−α×
×
{
l
∣∣∣∣v + 2l+ 2m sgn(v + 2l), v + 2lv λσ, λδ
〉
+m
∣∣∣∣v + 2l+ 2m sgn(v + 2l), v + 2l+ 2m sgn(v + 2l)v + 2l λσ, λδ
〉
+ l
∣∣∣∣v + 2l + 2m sgn(v + 2l), v + 2lv λσ, v + 2l+ 2m sgn(v + 2l)v + 2l λδ
〉
+m
∣∣∣∣v + 2l+ 2m sgn(v + 2l), v + 2l + 2m sgn(v + 2l)v + 2l λσ, v + 2lv λδ
〉}
. (5.11)
Once again, this formula generically relates |v, λσ , λδ〉 with 16 other states. Nevertheless, as in the case of ˆ˜Θ(α)θ ,
certain states do not contribute if v = 2 or 4. Indeed, the situation is exactly the same as before, namely the states
corresponding to l = −1 do not appear if v = 2, whereas it is only those with both l and m equal to −1 that
have a vanishing contribution when v = 4. In this sense, we notice that, in practice, the vanishing of |v + 2l| or of
|v + 2l+ 2m sgn(v + 2l)| restricts the possible values that l and m can adopt in the above sum.
Therefore, we see that, in the case of the three operators ˆ˜Θ
(α)
i , not all the states connected with |v, λσ , λδ〉 ∈ Cyl+S
via the consecutive action of two holonomies actually contribute to the final outcome. This is a direct consequence
of the factor ordering that we have adopted for the powers of the volume operator. Indeed, the proposed choice
precludes the appearance of singular states of any of the two following types: states of zero eigenvolume, on the one
hand, and states in which the anisotropies may vanish or diverge, on the other hand. The corresponding restriction
on the values of l and m is fundamental to obtain a well-defined densitized Lorentzian Hamiltonian operator on Hkin,
as well as to ensure that it admits a proper restriction to the orthogonal complement of the kernel of Vˆ .
An alternative perspective is the following. The commented restriction on the values of l and m in Eqs. (5.8) and
(5.11) translates into a decoupling of all singular states, both with respect to the volume and the anisotropies, even
at intermediate steps. In particular, the image states cannot contain contributions with zero eigenvolume, not even
after the action of a single holonomy (this is how the terms with quantum number v∗ = v − 2 are removed when
v = 2). In practice, then, a projection Pˆ onto the Hilbert completion of C˜ylS is performed after the action of each
of the holonomy operators that enter the definition of the quantum Lorentzian Hamiltonian. Consequently, we can
replace the sine and cosine operators in Eq. (5.5) with their projected counterparts,
̂sin µ¯ici −→ Pˆ̂sin µ¯ici, ̂cos µ¯jcj −→ Pˆ ̂cos µ¯jcj . (5.12)
Before fixing the value of the parameter of our factor ordering, α, it is useful to specify the restrictions on l and m
that result from these projections. For this, let us treat l and m as an ordered 2-tuple (l,m) that must belong to a
certain set, Iv, defined as follows for each of the possible values of the volume:
Iv =
 {(+1,+1), (+1,−1), (−1,+1), (−1,−1)} if v 6= 2, 4,{(+1,+1), (+1,−1)} if v = 2,{(+1,+1), (+1,−1), (−1,+1)} if v = 4. (5.13)
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Then, the restrictions on l and m are easily handled by implementing the replacement
∑
l,m=±1 →
∑
(l,m)∈Iv
in Eqs.
(5.8) and (5.11). Note that this replacement is completely equivalent to introducing the projections (5.12) in the
definition of ˆ˜Θ
(α)
i [see Eq. (5.5)].
Let us now put forward a concrete choice of factor ordering for the volume operator, i.e. a value for the parameter
α. Two options appear as natural. We may either select the totally symmetric ordering (α = 1/4) or adopt one of
the limit values for α, namely 0 or 1/2. In this situation, it seems most reasonable to adopt the value that reproduces
the factor ordering that we have presented in Sec. IV, that is the one that has also been adopted in other works on
Bianchi I LQC (see Refs. [15–17]). Comparing the functional form of the densitized Euclidean and Lorentzian parts
[see Eqs. (4.3) and (5.2)], we note that the Euclidean counterpart of the operators ˆ˜G
(α)
i is actually Vˆ
1/2FˆiVˆ
1/2. In
order to express them in a more similar manner, let us recast ˆ˜G
(α)
i as
ˆ˜G
(α)
i = Vˆ
1/2−α
1
4
̂sgn(pi),
∑
k 6=i
(
Pˆ̂sin µ¯ici Vˆ 2α Pˆ ̂cos µ¯kck + Pˆ ̂cos µ¯kck Vˆ 2α Pˆ̂sin µ¯ici
)
+
Vˆ 1/2−α. (5.14)
It is worth emphasizing that, in this formula, ̂sgn(pi) never acts on the kernel of the volume operator, where in
principle it would be ill defined, because its action is always preceded either by the volume operator itself or by the
projection Pˆ, that removes that kernel.
In view of Eq. (5.14), it is inmediate to realize that the two operators Θˆi and Vˆ
1/2FˆiVˆ
1/2 (for a given i) have the
same structure if we take the limit α→ 0. We do so respecting the projections Pˆ and analyze the resulting operator.
Moreover, this factor ordering also has the important advantage that we recover the operator ŝin 2µ¯c in isotropic
scenarios, a simplification that facilitates the comparison with the results already obtained for FLRW spacetimes in
Ref. [39] (for more comments on the relation between our construction and the isotropic one, see Sec. VB and the
Appendix). Let us introduce the following definitions to simplify our notation:
Θˆi =
1
2
Pˆ̂sin µ¯ici,∑
k 6=i
Pˆ ̂cos µ¯kck

+
, (5.15)
Gˆi =
1
2
[
̂sgn(pi), Θˆi
]
+
, (5.16)
Hˆ
BI
L = −
1
32πG∆
1 + γ2
4γ2
∑
i
∑
j 6=i
Vˆ 1/2(GˆiVˆ Gˆj + Gˆj Vˆ Gˆi)Vˆ
1/2. (5.17)
If we extract the factors arising from the volume operator, the action of the operators Θˆi can be derived from Eqs.
(5.8) and (5.11) by taking the limit α → 0. Indeed, we only need to extract the square roots of the original physical
volume V = 2πGγ
√
∆|v| and of the final volume 2πGγ√∆|v + 2l+ 2m sgn(v + 2l)|. In the same way, one can obtain
the action of Gˆi and of Hˆ
BI
L . However, the resulting number of terms in the action of the Lorentzian part of the
Hamiltonian turns out to be considerably large6. For this reason, we are not going to specify its explicit expression,
as the authors of Ref. [15] did with the Euclidean contribution.
Nonetheless, the complexity of the operator does not prevent us from analyzing the structure of the superselection
sectors and extracting physically relevant information. We proceed to discuss in the first place whether the eight
octants decouple under its action, as it was the case when considering the Euclidean part alone. Given that the states
of the orthonormal basis that we are using are eigenstates of the volume operator, we can determine whether the
octants are superselected by examining the properties of the G-operators.
As a result of the structure of Gˆi [see Eq. (5.16)], the action of these operators on the volume eigenbasis takes the
form
Gˆi |v, λσ, λδ〉 = 1
2
∑
v∗,λ∗
σ
,λ∗
δ
[sgn(λi) + sgn(λ
∗
i )] |v∗, λ∗σ, λ∗δ〉 , (5.18)
where v∗, λ∗σ, and λ
∗
δ are the quantum numbers of the target states obtained from |v, λσ , λδ〉 through the action of
Θˆi. Therefore, the sum is to be understood over all such states, bearing in mind that λθ = v/(2λσλδ). It is important
6 Indeed, the action of Hˆ BI
L
on |v, λσ , λδ〉 generically leads to a total of 1536 contributions from different states, as opposed to only 24
states in the Euclidean sector.
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to remark that the coefficient weighting each contribution in the above expression ensures that the states where the
orientation of the triad is reversed do not appear (or, more rigorously, the states where the signs of the triad variable
in the corresponding spatial direction changes). This is obviously a consequence of the symmetrization of the sign of
the triad variables and the holonomy elements that characterizes the MMO prescription.
We begin by discussing the case of Gˆθ. Disregarding the powers of the volume in Eq. (5.8), we arrive at the
following action for Θˆθ on Cyl
+
S :
Θˆθ |v, λσ, λδ〉 = − i
8
∑
(l,m)∈Iv
{
l
∣∣∣∣v + 2l + 2m sgn(v + 2l), v + 2l+ 2m sgn(v + 2l)v + 2l λσ, λδ
〉
+ m
∣∣∣∣v + 2l+ 2m sgn(v + 2l), v + 2lv λσ, λδ
〉
+ (σ ↔ δ)
}
. (5.19)
As far as the volume v is concerned, the target states are related to the original state by shifts of four units, if any.
If we take into account that each term of the Lorentzian Hamiltonian contains two G-operators and, therefore, two
Θ-operators, it is immediate to conclude that Hˆ BIL connects states of volume v with states of volume v or v±8. Thus,
the action of the full Hamiltonian obviously leaves invariant discrete lattices of step four. However, as we discussed
in the previous section, the superselection sectors defined by the action of the Euclidean part are even simpler: the
semilattices of positive and negative volume actually decouple. Let us now determine whether this decoupling occurs
in the Lorentzian sector as well.
We recall that, in the case of the Euclidean part discussed in Sec. IV, each state obtained by the action of Fˆi
is weighted by a factor [sgn(λi) + sgn(λ
∗
i )] which guarantees the decoupling of positive and negative semilattices.
Furthermore, they also are the reason behind the superselection of the Hilbert subspaces with support on the eight
octants defined by the signs of λi. The key point is that the action of Fˆi only produces changes in the sign of one of
the λ-variables. In the v-representation, this is translated into the realization that the action of Fˆi can only produce
either a change in the sign of v alone (that is, a change in the sign of λθ) or a simultaneous change in the signs of
v and one of the anisotropy variables. In the case of the Lorentzian part, however, this is no longer true. Indeed,
the argument goes as follows. The Θ-operators (take Θˆθ, for example) can produce changes in the three labels of the
state they act upon (but never more than two at a time). This is a result of the appearance of holonomy elements
corresponding to all spatial directions in Eq. (5.15). Nevertheless, the factor [sgn(λi) + sgn(λ
∗
i )] that weights each
term in the action of Gˆi only protects the sign of one of them. The others could a priori change sign without this
factor noticing it. While all possible changes of sign were linked together in the case of the Euclidean part (a fact
which leads to the protection of the sign of the three labels and the subsequent decoupling of the eight octants),
the action of the Lorentzian part does not exhibit this property. Consider, for instance, the state corresponding to
l = m = −1 that appears in the first line of Eq. (5.19) provided that v 6= 2, 4,
[1 + sgn (v − 2)]
∣∣∣∣v − 2− 2 sgn(v − 2), v − 2− 2 sgn(v − 2)v − 2 λσ, λδ
〉
, (5.20)
where the associated weighting factor has been written down as well. If 2 < v < 4, then, v− 2 > 0 and the considered
state has a nonvanishing contribution. However, the two first labels of the state |v, λσ , λδ〉 ∈ Cyl+S , affected by Gˆθ,
have changed sign. Thus, at least one of the states connected with it through the action of Gˆθ belongs to a Hilbert
subspace with support on a different octant (namely, the one corresponding to v < 0, λσ < 0, and λδ > 0). In
conclusion, the Hilbert subspaces with support on one of the eight octants defined by the signs of the triad variables
are not left invariant by Hˆ BIL . In particular, the action of Hˆ
BI
L connects the discrete semilattices of positive and
negative v.
Before discussing the precise way in which the superselection sectors are enlarged with respect to the Euclidean
case, we will comment on the action of Θˆσ for completeness (the action of the remaining Θ-operator is analogous to
the one presented below). Particularizing for the case where |v, λσ, λδ〉 ∈ Cyl+S , the action of Θˆσ is
Θˆσ |v, λσ , λδ〉 =− i
8
∑
(l,m)∈Iv
{
l
∣∣∣∣v + 2l+ 2m sgn(v + 2l), v + 2lv λσ, λδ
〉
+m
∣∣∣∣v + 2l+ 2m sgn(v + 2l), v + 2l+ 2m sgn(v + 2l)v + 2l λσ, λδ
〉
+ l
∣∣∣∣v + 2l+ 2m sgn(v + 2l), v + 2lv λσ, v + 2l+ 2m sgn(v + 2l)v + 2l λδ
〉
+m
∣∣∣∣v + 2l+ 2m sgn(v + 2l), v + 2l+ 2m sgn(v + 2l)v + 2l λσ, v + 2lv λδ
〉}
. (5.21)
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It is straightforward to realize that there are terms that may lie out of the Hilbert subspace of the original state.
When we compute the action of Gˆσ, each of the states displayed above comes preceded by a factor of the form
[1 + sgn(λ∗σ)] (where λ
∗
σ denotes the second label of each state). Therefore, changes in the sign of this anisotropy
variable are prevented. Nevertheless, changes in the sign of v or λδ could occur if they do not happen together with
a change in the sign of λσ . It is clear that this situation does indeed take place (at least when v 6= 2, 4). Consider,
for instance, the target state corresponding to l = m = −1 in the first line of Eq. (5.21):
[1 + sgn(v − 2)]
∣∣∣∣v − 2− 2 sgn(v − 2), v − 2v λσ, λδ
〉
, (5.22)
where we have included the factor that accompanies it within Gˆσ, up to a multiplicative constant of 1/2. If the
original state is such that 2 < v < 4, then v − 2 > 0 and the above contribution does not vanish, because there is no
change of sign in its label λσ. However, its volume v
∗ = v − 4 is negative, so that this state no longer lives in the
Hilbert subspace with support on the first octant.
We can also find instances where the change of sign also occurs in the label λδ. For example, consider the state
corresponding to l = m = −1 in the third line of Eq. (5.21):
[1 + sgn(v − 2)]
∣∣∣∣v − 2− 2 sgn(v − 2), v − 2v λσ , v − 2− 2 sgn(v − 2)v − 2 λδ
〉
. (5.23)
Once more, in the case where 2 < v < 4, the prefactor of this contribution does not vanish, but both v∗ and λ∗δ are
negative.
A. Superselection sectors
Once we have completed the description of the Θ-operators, from which the action of Gˆi can be immediately derived,
we conclude this section with an analysis of the superselection sectors of the Lorentzian part of the Hamiltonian
constraint operator. As we have proven above, the superselection sectors of the Euclidean part are not generically left
invariant under the action of the Lorentzian Hamiltonian, which means that the superselection sectors of the Dapor-
Liegener model of Bianchi I LQC are larger than the ones encountered in the standard formalism. In particular, we
have noticed that the action of the Lorentzian Hamiltonian actually induces changes in the signs of the triad variables,
which implies that the kinematical Hilbert space does not split into superselected Hilbert subspaces with support on
each of the octants as in Refs. [15, 17].
Nevertheless, the Lorentzian Hamiltonian has an action which is very similar to that of the Euclidean Hamiltonian,
inasmuch as it produces constant shifts in the volume variable and dilations/contractions in the anisotropy variables.
While the Euclidean part is characterized by producing shifts of (plus or minus) four units in v, if any, the Lorentzian
part leads to shifts which are twice as large. The fact that the size of the shifts produced by Hˆ BIL is an integer multiple
of the size of the shifts produced by Hˆ BIE ensures that, as far as the volume is concerned, the kinematical Hilbert
space is still superselected in invariant Hilbert subspaces with support on discrete lattices of step four. Even though
the positive and negative semilattices are not decoupled, a whole discrete lattice can always be written as a direct
sum of two semilattices. Namely, if the initial state has a volume v = ε + 4n, for some n ∈ N, then it is immediate
to show that the repeated action of Hˆ BIL (and of the whole Hamiltonian constraint, for that matter) connects this
state with states |v∗, λ∗σ, λ∗δ〉 such that v∗ belongs to L+ε ∪ L−4−ε, where L−ε˜ = {v = −(ε˜ + 4n) : n ∈ N}. The only
exceptions are found for ε = 2, 4. In these special cases, the projections onto the Hilbert completion of C˜ylS ensure
that the states of vanishing volume are totally decoupled, even at intermediate stages (i.e. after the action of a single
holonomy). This implies that negative volumes can never be reached from v = 2 or 4. Indeed, for this to happen, it
would be necessary to pass over a singular state, something that is precluded by the projections Pˆ or, equivalently,
by the restriction (l,m) ∈ Iv. Thus, in these particular cases, the volume lies on discrete semi lattices, L+2 or L+4 ,
instead.
A similar situation is encountered in the anisotropy sector. In the Euclidean case, in each section of constant
volume, only a subspace of states are connected with |v, λσ , λδ〉 by the repeated action of Hˆ BIE , namely the ones with
quantum numbers λ∗σ and λ
∗
δ that are of the form λ
∗
r = wελr, where wε ∈ Wε. This can no longer be true when the
Lorentzian part of the Hamiltonian constraint is regularized independently. Indeed, this is due to the fact that the
anisotropy variables can change sign under the action of Hˆ BIL . This change, however, does not alter completely the
structure of the superselection sectors. The reason behind this fact can be understood straightforwardly. Even if the
functional form of the Lorentzian Hamiltonian is considerably more involved than that of the Euclidean one, they
only differ in that a larger number of holonomy elements Nˆ±2µ¯i act on each state in the Lorentzian case. However,
14
these holonomy elements act in a very simple manner: they produce shifts of two units in v and, when i = σ or δ,
they also produce dilations/contractions in the anisotropy variables of the form λr → (v∗/v)λr. Thus, the anisotropy
variables corresponding to states connected with |v, λσ , λδ〉 via the action of the Hamiltonian can be obtained from
the original anisotropies through the multiplication of a number of fractional factors, in which the numerator and
denominator differ by two units. In this sense, as in the Euclidean case, the effect caused on the anisotropies only
depends on v and, therefore, ultimately only on ε [see e.g. Eqs. (5.19) and (5.21)]. However, in the same way that
the volume can now change sign, a parallel situation is found for the anisotropy variables. The restriction on z in
the definition of Wε [given by Eq. (4.8)] that ensures that the fractional factors are positive disappears when the
Lorentzian part is included in the Hamiltonian. In this new situation, the coefficient w˜ε that characterizes the action
on the anisotropies belongs to a larger set W˜ε, defined by
W˜ε =
 ∏
n,m∈Z
(
ε+ 2n
ε+ 2m
)kn
m
: knm ∈ N; n,m 6= −ε/2 if ε = 2, 4
 , (5.24)
where the last requirement avoids singular fractional factors in the product, something that is guaranteed by the
functional form of the Hamiltonian constraint, as we have have already discussed.
The elements of this set turn out to admit a simple expression in terms of those of Wε. The fractional factors can
be rearranged in such a way that the elements of W˜ε can be written as
w˜ε = Cεwεwε′ , (5.25)
where Cε is a coefficient that dictates the global sign of w˜ε. Moreover, wε and wε′ belong toWε andWε′ , respectively,
where we have introduced the notation
ε′ =
{
4− ε ∀ ε 6= 2, 4,
ε if ε = 2, 4.
(5.26)
The origin of the coefficient Cε lies on the possible existence of (integer powers of) a fractional factor with numerator
and denominator of different signs. Explicitly,
Cε =
 (−1)z′
∣∣∣∣ ε− 2ε− 2− 2 sgn(ε− 2)
∣∣∣∣z′ with z′ ∈ Z, ε 6= 2, 4,
1 if ε = 2, 4.
(5.27)
The peculiarity of the cases ε = 2, 4 is again due to the decoupling of the states of vanishing volume in the
Lorentzian part of the Hamiltonian constraint. This decoupling implies that there can exist no fractional factor with
numerator and denominator of different signs, since positive and negative volumes cannot be connected when ε = 2 or
4. As a result, the sign of the anisotropies is respected as well. Therefore, the superselection sectors of the Euclidean
Hamiltonian are not enlarged in these cases. It is simple to realize that this conclusion is already manifest in our
definitions. Indeed, in the special cases ε = 2, 4 we see that Wε = Wε′ = Wε · Wε′ , the last equality being a direct
consequence of the definition of Wε, that guarantees that any product of its elements still belongs to that set. Using
this and the fact that Cε = 1, one can straightforwardly see that W˜ε =Wε in these specific cases.
Finally, it is worth remarking some properties of W˜ε. Although this set is generically larger than its Euclidean
counterpart Wε, it happens to be still countably infinite (as it is clear from its definition) and dense, this time in
the whole real line. One can prove the latter of these statements in a straightforward way by following a procedure
entirely analogous to the one presented in Appendix D of Ref. [20]. Indeed, the subset of positive w˜ε is trivially dense
on R+, since it contains Wε, which is dense [20]. In a similar manner, it is simple to show that the same holds for
the subset of negative w˜ε on R
−.
In summary, even though the independent regularization of the Lorentzian part of the Hamiltonian constraint
introduces difficulties in the formalism of anisotropic LQC, the superselection sectors of the full Hamiltonian partially
retain the structure of those of the Euclidean part alone. Indeed, they can be decomposed in terms of the simpler
superselection sectors encountered in the standard approach to Bianchi I LQC. We have reasoned that the quantum
number v generically belongs to a discrete lattice of step four, which can be viewed as the direct sum of its positive
and negative semilattices. Moreover, in each section of constant v, only certain states are connected via the repeated
action of the Lorentzian Hamiltonian. Such states are characterized by anisotropy variables that are proportional to
the original ones, with a proportionality factor that only depends on v and belongs to a set W˜ε. The elements of this
set can again be written in terms of those of two similar sets that appeared in the definition of the superselection
sectors of the Euclidean Hamiltonian. As mentioned above, even though the discrete lattices and W˜ε are infinite sets,
they are countable. Hence, the action of the full Hamiltonian operator still superselects separable Hilbert subspaces.
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B. A comment on the isotropic scenario
We have seen how, in the Dapor-Liegener formalism of Bianchi I cosmologies, the superselection sectors get enlarged
with respect to those found in the standard formalism. However, this result might appear to be in tension with the
conclusions about flat FLRW cosmologies discussed in Ref. [39]. In that isotropic case, we found that the superselection
sectors of the standard formalism are indeed preserved under the modification of the Hamiltonian obtained with an
independent regularization of the Lorentzian term (see Ref. [39] and the Appendix for further details). Hence, there
must exist a mechanism that prevents the enlargement of the considered sectors in the isotropic scenario.
As we have explained above, the superselection sectors change owing to the fact that the action of the Lorentzian
part of the Hamiltonian does not leave invariant the sign of the components of the densitized triad. In other words,
this Lorentzian part provides contributions with quantum numbers that can have the opposite sign of those of the
original state on which the Hamiltonian acts. In the Euclidean case, these flips of sign were prevented by a factor of
the form [sgn(λi)+sgn(λ
∗
i )] that accompanies every single contribution in the action of Fˆi. Since the F -operators only
affect their respective λi and leave the other two variables unchanged, the aforementioned factor suffices to ensure
that any contribution that could potentially belong to another octant actually vanishes. Nevertheless, the analogs of
these operators in the Lorentzian case, Gˆi, do not display the same behavior. Indeed, since each of them contains
products of holonomy elements along two different spatial directions, the G-operators can produce changes in two out
of the three λ-variables. Given that only one sign is protected (the sign of λi under the action of Gˆi), the enlargement
of the superselection sectors occurs when a contribution is such that λi maintains its sign while the other affected
label, λj (j 6= i), experiences a flip of sign. Then, the mechanism that guarantees the decoupling of octants in the
Euclidean case fails to be effective.
An interesting question is how this situation is resolved in the isotropic limit. In view of our previous comments, the
answer is straightforward. In isotropic situations, all the nontrivial components of the densitized triad, on the one hand,
and of the connection, on the other hand, coincide, leading to only one pair of canonical variables: (ci, pi)→ (c, p). As a
result, every λ-variable reduces to the same function of the isotropic phase space, λi → λ = sgn(p)|p|1/2/(4πGγ
√
∆)1/3.
Therefore, the sign of any odd power of the λi’s reduces under isotropy to the sign of p or, equivalently, the sign of v.
Then, in this situation, every contribution in the action of the Lorentzian part of the Hamiltonian appears weighted
by a factor [sgn(v) + sgn(v∗)]. This factor vanishes identically when v (which is the only variable that labels states in
flat FLRW cosmologies) changes sign. Hence, no contribution can lead to a state with an opposite orientation in this
isotropic regime, and positive and negative volumes decouple under the action of the Hamiltonian. This is the reason
behind the persistence of the decoupling mechanism in the isotropic case: there is a single triad variable (recall that
the three spatial directions are identified in this scenario) and, therefore, there is no extra triadic degree of freedom
that may flip its sign without v noticing it.
VI. CONCLUSIONS AND DISCUSSION
Recently, considerable attention has been paid to studying the mathematical ambiguities that affect the formulation
of LQC and, in particular, to explore alternatives to the standard regularization of the Hamiltonian constraint [22–
24]. One of these alternatives has reached a more prominent status, because it is especially interesting from the
physical point of view. Some authors refer to it as the Dapor-Liegener formalism of LQC [30, 31] and it is based on
a procedure to regularize the Hamiltonian constraint which is conceptually identical to the one used in LQG. Indeed,
in this formalism the Euclidean and Lorentzian parts of the Hamiltonian constraint are regularized independently.
This is in contrast with the procedure used in the standard formalism of LQC [11, 12], which appeals to symmetry
considerations in order to reexpress the Lorentzian part in terms of the Euclidean one before regularization and,
therefore, cannot be applied to more general scenarios without a substantial modification. This conceptual drawback
of the standard formalism, together with the fact that we do not yet fully understand the relation between LQG and
LQC [25–29], makes the Dapor-Liegener proposal particularly attractive and, during the past year, efforts have been
made to extract the physical implications entailed by such a modification of the Hamiltonian constraint. Although
many aspects have been analyzed, the studies carried out so far have focused on the case of homogeneous and isotropic
cosmologies [30–41].
The aim of this article is to extend the scope of the already existing analyses by including anisotropies in the
cosmological spacetimes under consideration. The simplest anisotropic spacetimes, which exhibit spatial homogeneity,
are the Bianchi I cosmologies [42]. These cosmologies have been thoroughly studied by applying polymeric quantization
techniques [13–17]. However, the quantization of Bianchi I cosmologies within the framework of LQC has been
implemented so far using exclusively the standard regularization procedure. In other words, spatial flatness and
homogeneity have been used to symmetry-reduce the Hamiltonian before its regularization, leading to an expression
solely in terms of the Euclidean part. Although we already discussed the regularization of the Lorentzian part in Ref.
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[39], no detailed study had been carried out until present at the quantum level. This article introduces, for the first
time in the literature, an independent treatment of the Lorentzian part of the Hamiltonian constraint of Bianchi I
spacetimes, including its quantum representation and the analysis of some of the properties of the quantum theory
constructed in this way.
After reviewing the quantum kinematics of the Bianchi I loop quantum spacetimes in Sec. II, we have briefly revisited
the quantization of the Euclidean part of the Hamiltonian constraint using the MMO quantization prescription [12]
(see Sec. IV). More concretely, we have emphasized how the kinematical Hilbert space splits into different sectors
under the action of the Euclidean Hamiltonian. This occurs because the signs of the quantum numbers that label the
states are conserved. In turn, this is an immediate consequence of a defining feature of the MMO prescription: the
signs of the triad variables and the holonomies are symmetrized upon quantization. As a result of this prescription, the
kinematical Hilbert space is superselected into eight Hilbert subspaces. Furthermore, owing to the precise functional
form of the Euclidean part, its action only produces discrete shifts in the volume, while the anisotropies undergo
dilations and contractions that only depend on this volume. Thus, the volume variable lives on a discrete semilattice
and, in each section of constant volume, the states that are connected by the (repeated) action of the Euclidean
Hamiltonian have anisotropies that can be characterized by a proportionality factor which necessarily belongs to a
certain set. This set is considerably more involved than the semilattices appearing in the volume sector. The resulting
picture is that the Euclidean part of the Hamiltonian (and, thus, the standard Hamiltonian in LQC) obtained via the
implementation of the MMO prescription has a well-defined quantum representation and its action leaves invariant
a number of superselection sectors that are well understood. However, the complexity of its functional form has
frustrated any attempt at determining its spectral properties, at least in the case that has been presented in this
article. It is important to emphasize that there exist other ambiguities in the quantization program, like e.g. those
related with a specific choice for the implementation of the improved dynamics [11]. As we commented in Sec. II,
there exists consensus in the community concerning the improved dynamics in isotropic scenarios, although several
proposals have been suggested in principle for its implementation in anisotropic scenarios. Among them, nevertheless,
there is one which is broadly accepted [16], and it is this proposal that we have employed throughout this work.
Nonetheless, it is worth commenting that this is not the only existing option [13]. We will discuss some of the
consequences of our choice at the end of this section, after summarizing the main results of this paper.
We have also investigated whether the most important features of the LQC description of Bianchi I spacetimes
obtained with the standard formalism remain present when the Lorentzian part of the Hamiltonian is regularized and
quantized independently. To this effect, in Sec. V we have begun by promoting the classical Lorentzian Hamiltonian
to an operator acting on the kinematical Hilbert space, with a rather general choice of algebraic factor ordering
for the volume operator. As in the Euclidean case, the quantum analogs of the classical singularities are found to
decouple. After a densitization of the Lorentzian contribution, we have proceeded to the explicit computation of the
action of the basic operators that appear in the resulting expression. We have found that the adopted factor ordering
for the volume operator ensures that singular states do not contribute to the action of the Lorentzian Hamiltonian.
This fact is rooted in a number of effective projections onto the orthogonal complement of the kernel of the volume,
operative even at intermediate stages. Then, we have motivated the choice of a particular factor ordering for the
volume that is compatible with the prescriptions put forward in previous works on the Dapor-Liegener formalism.
With this ordering, we have investigated the subsequent action of the operators that form the densitized Lorentzian
Hamiltonian with the objective of extracting information about the decoupling of the octants and the structure of the
superselection sectors. Whereas the action of these operators has been found to be similar to that of their Euclidean
counterparts, an essential difference has been noted as far as the volume is concerned: they result in shifts which are
twice as large as those produced by the Euclidean operators. Consequently, the whole Lorentzian part produces shifts
of eight units (if any) in the volume, as opposed to the four-unit shifts generated by the Euclidean part.
Once these properties of the action of the Lorentzian Hamiltonian have been established, we have discussed the
corresponding superselection rules in Sec. VA. Since the shifts in the volume are twice larger, one may think that
the action of the Lorentzian part leaves invariant the discrete semilattices that were superselected by the Euclidean
part. However, this is not the case. The reason behind this crucial distinction is that the operators mentioned above
do not preserve the sign of the triad variables, a fact which precludes the decoupling of octants. In particular, the
volume can change sign under the action of the Lorentzian Hamiltonian. As a result, whole discrete lattices of step
four (which can always be written as the direct sum of two semilattices: a positive and a negative one) are now
superselected. Something similar occurs with the anisotropy labels. Indeed, the repeated action of the Lorentzian
part alters the anisotropy variables by dilating and contracting them via a factor which is given by the product
of a number of fractions, with numerators and denominators that differ by two units. Such fractional factors only
depend on the volume. Up to this point, our result is identical to the one obtained when only the Euclidean part
is considered. However, just as the volume can change sign under the action of the Lorentzian part, so can the
anisotropy variables. Hence, the set involved in the definition of the superselection sectors for the anisotropies must
be enlarged to encompass negative values, although the underlying structure remains unchanged with respect to the
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one appearing in the Euclidean case.
We have also discussed the exceptional cases of the lattices that are symmetric with respect to the origin, which we
had deliberately left out in the previous paragraph. Because of the projections onto the completion of C˜ylS that, in
practice, operate after the action of each holonomy element, we have found that the positive and negative semilattices
actually decouple. Thus, in those special cases, the superselection sectors of the standard formalism are preserved
under the independent regularization of the Lorentzian term.
The introduction of the Lorentzian part complicates substantially the functional form of the Hamiltonian constraint
operator. Although the large number of terms that determine its action on the elements of the volume eigenbasis
makes impractical to write down this action explicitly, we have been able to extract information about the structure
of this constraint operator and about its superselection sectors. In fact, its behavior turns out to be similar to that of
the Euclidean constraint. As we have commented, the two key differences are that: i) the Lorentzian part produces
shifts in the volume which are twice larger, and ii) the signs of the triad variables are not respected. The latter leads
to a generic enlargement of the superselection sectors, which seems to indicate that the inclusion of the Lorentzian
term in the regularization procedure cannot be regarded as a mere higher-order correction.
To conclude, we would like to add a comment on the issue of the implementation of the improved dynamics
prescription. In this respect, it seems worthy to consider the consequences of adopting an alternative prescription like,
e.g., that of Ref. [13]. In standard LQC, where the Hamiltonian is expressed as purely Euclidean, such a prescription
results in a quantum theory which is considerably simpler, compared to that of Ref. [16]. In the following, we will refer
to these two different proposals as “scheme A” and “scheme B”, respectively. In scheme A, the minimum coordinate
length in each spatial direction only depends on the triad variable corresponding to the same spatial direction. This
is in contrast with the case of scheme B, where each minimum coordinate length depends on all triad variables. This
difference leads to a number of simplifications. For instance, the holonomy elements associated with a certain spatial
direction only produce shifts in the same spatial direction, a behavior that makes the quantum theory separable in
three identical copies, one per direction. A related property is that the resulting terms in the Euclidean Hamiltonian
corresponding to each of the three directions commute, a fact that implies that each of them is conserved as a Dirac
observable.
At the kinematical level, scheme A allows us to define volume-like variables for all spatial directions, instead of a
single volume variable and two anisotropy variables. In such a representation, all holonomy elements produce constant
shifts in their corresponding volume variable. Furthermore, since holonomy elements along different spatial directions
commute, so do the projected sine and cosine operators corresponding to different spatial directions. This simplifies
considerably the action of the G-operators, reducing the number of terms in their action by half. Nevertheless, even
when this simpler quantization prescription is adopted, Hilbert subspaces with support on different octants generically
fail to be decoupled. The reason why is obvious. Indeed, only the sign of a single triad variable is protected by the
symmetrization of the sign and the holonomy elements in each term of the Hamiltonian. However, because of the
simultaneous appearance of holonomy elements corresponding to two different spatial directions per term, sign flips
can be induced in a triad variable for which the sign is not protected. Therefore, the action of the Lorentzian part
does not decouple the Hilbert subspaces with support on different octants and the superselection sectors get enlarged
with respect to those of the standard regularization, like in the case of the improved dynamics prescription considered
in most of our analysis.
Appendix A: Alternative orderings in the isotropic theory
In this Appendix, we present a reformulation of the Dapor-Liegener model of flat FLRW LQC, originally quantized
adopting the MMO prescription in Ref. [39]. The factor ordering of this reformulation makes it directly comparable
with the analysis developed in the present article. We will discuss two types of alternative quantization choices with
respect to Ref. [39]: the definition employed to represent 1/µ¯ and the adoption of a general algebraic factor ordering
for the powers of the volume operator.
In the following, we consider the isotropic case, so that all three spatial directions are identified and, therefore, all
three canonical pairs (ci, pi) reduce to a single pair (c, p), that describes the isotropic gravitational degrees of freedom,
supplied with the nontrivial Poisson bracket {c, p} = 8πGγ/3. Quantum states are labeled by a single quantum
number v and the action of the fundamental operators on the orthonormal v-basis of Hkiniso is
Vˆ |v〉 = 2πGγ
√
∆|v| |v〉 , Nˆ±nµ¯ |v〉 = |v ± n〉 , (A1)
where µ¯ is the minimum coordinate length, given by µ¯ =
√
∆/|p|.
In this kind of systems, the classical gravitational contributions to the Hamiltonian constraint can be obtained from
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Eqs. (3.3) and (3.4) by taking the isotropic limit (see Ref. [39] for further details). The resulting expressions are
HFLRWE =
3
8πGV
(
sgn(p)|p| 1
µ¯
sin µ¯c
)2
, (A2)
HFLRWL = −
3
8πGV
1 + γ2
4γ2
(
2 sgn(p)|p| 1
µ¯
sin µ¯c cos µ¯c
)2
. (A3)
According to the MMO prescription, we represent the Euclidean and Lorentzian contributions by operators on Hkiniso
of the form
HˆFLRWE,L =
[
1̂
V
]1/2
Hˆ
FLRW
E,L
[
1̂
V
]1/2
. (A4)
As in Secs. IV and V, we perform a change of densitization and restrict our analysis to the study of the densitized
operators defined on the orthogonal complement of the singular state, H˜kiniso . In Ref. [39], the densitized operators
were given by
Hˆ
FLRW
E =
3
8πG
Ωˆ22µ¯, Hˆ
FLRW
L = −
3
8πG
1 + γ2
4γ2
Ωˆ24µ¯, (A5)
where, for any integer value of n,
Ωˆnµ¯ =
1
4i
√
∆
[
1̂√|p|
]−1/2 √̂
|p|
[
ŝgn(p), Nˆnµ¯ − Nˆ−nµ¯
]
+
√̂
|p|
[
1̂√|p|
]−1/2
. (A6)
The main difference between Ref. [39] and the quantization adopted here resides in how 1/µ¯ is represented as an
operator within the Hamiltonian constraint. In Ref. [39], we employed the definition
1̂
µ¯
=
1√
∆
[
1̂√|p|
]−1
. (A7)
This is the most commonly used definition in isotropic LQC (see e.g. Refs. [11, 12]). In anisotropic cosmologies
(and, in particular, in Bianchi I) the most familiar convention fails to recover exactly the above definition in the
isotropic scenario. The isotropic counterpart of the definition adopted in this paper (and in other analyses of Bianchi
I spacetimes in the literature, like e.g. Refs. [15–17]) is
1̂
µ¯
=
1√
∆
√̂
|p|. (A8)
This latter choice of representation leads to the appearance of powers of the volume in the densitized Hamiltonian
[see, for instance, Eqs. (4.3) and (5.17)], whereas in Ref. [39] powers of
√̂|p| and ̂1/√|p| appeared instead [see Eq.
(A6)]. In this Appendix, we will rewrite the full quantum Hamiltonian constraint for flat FLRW cosmologies using Eq.
(A8) and show that the main results of Ref. [39] are robust against this change. Furthermore, we will also consider a
general factor ordering for the powers of the volume operator of the kind discussed in the beginning of Sec. V.
The densitized versions of the Euclidean and Lorentzian parts of the Hamiltonian have an expression similar to Eq.
(A5) except for the fact that the functional form of Ωˆnµ¯ is altered, owing to the modifications in our representation.
We denote the new operators by ˆ˜Ω
(α)
nµ¯ , with n = 2, 4, where α is again the parameter that labels the choice of factor
ordering for the powers of the volume. Let us write those operators down explicitly and study their action on H˜kiniso .
In the case of the Euclidean part, namely n = 2, only one holonomy operator is involved in each term of ˆ˜Ω
(α)
2µ¯ , and
therefore it seems natural to order the powers of the volume in an algebraically symmetric way to the left and right
of the holonomy. In this manner, we arrive at a specific factor ordering and the ambiguity parametrized by α does
not appear. In our notation, this is equivalent to setting α = 0 in the Euclidean part. On the other hand, using the
definition (A8), |p|/µ¯ is represented by Vˆ /√∆, so that
sgn(v)|p| 1
µ¯
sin µ¯c→ ˆ˜Ω(0)2µ¯ =
1
2
√
∆
[
ŝgn(v), Vˆ 1/2ŝin µ¯c Vˆ 1/2
]
+
. (A9)
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Introducing the notation
f˜
(n,α)
± (v) =
πGγ
2
s
(n)
± (v)|v|1/2−α
∣∣∣∣v ± n2
∣∣∣∣2α|v ± n|1/2−α, (A10)
s
(n)
± (v) = sgn(v) + sgn(v ± n), (A11)
the action of the operator (A9) on a volume eigenstate turns out to be
ˆ˜Ω
(0)
2µ¯ |v〉 = −i
{
f˜
(2,0)
+ (v) |v + 2〉 − f˜ (2,0)− (v) |v − 2〉
}
. (A12)
It is then immediate to see that the action of the densitized Euclidean contribution on H˜kiniso is
8πG
3
ˆ˜
H
FLRW
E |v〉 = −f˜ (2,0)+ (v)f˜ (2,0)+ (v + 2) |v + 4〉+
{[
f˜
(2,0)
+ (v)
]2
+
[
f˜
(2,0)
− (v)
]2}
|v〉 − f˜ (2,0)− (v)f˜ (2,0)− (v − 2) |v − 4〉 .
(A13)
This action has the same structure that one obtains using the other definition of the inverse of µ¯ (see Refs. [12, 39]):
it is an equation in finite differences which relates a volume eigenstate with two other eigenstates via constant shifts
of four units. Consequently, Hilbert spaces with support on discrete lattices of step four are left invariant under the
action of the Euclidean Hamiltonian.
The functions f˜ that weight each of the possible contributions display a series of properties that are shared by their
analogs in Refs. [12, 39]. Indeed, these functions satisfy
f˜
(n,α)
− (v) = 0 ∀ v ∈ (0, n], f˜ (n,α)+ (v) = 0 ∀ v ∈ [−n, 0), (A14)
owing to the presence of the linear combinations of signs s
(n)
± (v), which are characteristic of the MMO prescription.
As a result, the coefficient that weights an eigenvolume contribution vanishes if such a contribution experiences a
flip of sign in v. This phenomenon decouples the sectors of positive and negative volumes and, thus, the action of
the Euclidean part of the Hamiltonian constraint superselects separable Hilbert subspaces with support on discrete
semilattices of step four, obtained by the Cauchy completion of span{|v〉 : v ∈ L±ε }.
Let us now study the Lorentzian contribution. Given that two holonomy operators appear in each term of this
contribution, different factor orderings for the powers of the volume operator are possible, inserting part of them
between the two holonomies that are present. We introduce a (potentially nonzero) parameter α to account for these
choices. Following the rules of the MMO prescription, defining 1/µ¯ as in Eq. (A8), and adopting a factor ordering
for the volume analogous to the one employed in the beginning of Sec. V, we get
2 sgn(v)|p| 1
µ¯
sin µ¯c cos µ¯c→ ˆ˜Ω(α)4µ¯ =
1√
∆
[
ŝgn(v), Vˆ 1/2−α ŝin µ¯c Vˆ 2α ĉos µ¯c Vˆ 1/2−α
]
+
. (A15)
As in the Euclidean case, the limit α→ 0 reproduces the construction of Ref. [39], up to the changes induced by our
different definition of 1/µ¯. Nevertheless, we will mantain in our analysis a general value of α, between 0 and 1/2, and
particularize to the limit α→ 0 only at the end.
It is straightforward to show that
ˆ˜Ω
(α)
4µ¯ |v〉 = −i
{
f˜
(4,α)
+ (v) |v + 4〉 − f˜ (4,α)− (v) |v − 4〉
}
− ig˜(α)0 (v) |v〉 , (A16)
where
g˜
(α)
0 (v) = −πGγ |v|1−2α
∣∣∣∣|v − 2|2α − |v + 2|2α∣∣∣∣. (A17)
As we can see, the action of the Lorentzian operator contains a term that produces no shift in the volume and that
did not appear in previous considerations. However, it is worth noticing that the factor that weights this contribution
vanishes in the limit α → 0. Then, in that case, we recover an action for our operator that is similar to the one
obtained in Ref. [39] (except for the redefinition f → f˜ that arises from the different representation of 1/µ¯).
The resulting action of
ˆ˜
H FLRWL (where we omit the label α for the sake of brevity) is
−8πG
3
4γ2
1 + γ2
ˆ˜
H
FLRW
L |v〉 =− f˜ (4,α)+ (v)f˜ (4,α)+ (v + 4) |v + 8〉+
{[
f˜
(4,α)
+ (v)
]2
+
[
f˜
(4,α)
− (v)
]2}
|v〉
− f˜ (4,α)− (v)f˜ (4,α)− (v − 4) |v − 8〉 − ig˜(α)0 (v) ˆ˜Ω(α)4µ¯ |v〉
− f˜ (4,α)+ (v)g˜(α)0 (v + 4) |v + 4〉+ f˜ (4,α)− (v)g˜(α)0 (v − 4) |v − 4〉 . (A18)
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This action yields an equation in finite differences that relates a given volume eigenstate with a total of four other
states, connected with it via constant shifts of four or eight units. In contrast with the situation found in Ref. [39],
there are now terms with a shift of (plus or minus) four units in v generated by the Lorentzian contribution. The
origin of this discrepancy is the different factor ordering chosen for the powers of the volume. Indeed, note that the
vanishing of limα→0 g˜
(α)
0 (v) makes all but the first three contributions disappear on the right hand side of the above
expression, in the limit where we recover the usual factor ordering for the powers of the volume. In this limit, we
obtain an action of the same form as in Ref. [39], as we had anticipated.
Again, we can see that the coefficients of the contributions that may experience a flip of sign in v vanish if this
flip takes place. Therefore, Hilbert subspaces with support on discrete semilattices of step four are left invariant
under the action of the Lorentzian Hamiltonian. In view of this, we conclude that the superselection sectors of the
Euclidean and the Lorentzian parts of the Hamiltonian constraint coincide. As a consequence, the introduction of
the Lorentzian part and its independent regularization and quantization do not alter the superselection sectors of the
standard formalism of flat FLRW LQC. Moreover, we have shown that this statement is robust even if we change the
operator representation of 1/µ¯ and the particular choice of the parameter α for the factor ordering of the powers of
the volume operator.
We close the Appendix by remarking that these results can be immediately incorporated in the characterization of
the generalized eigenfunctions of the Hamiltonian constraint. In Ref. [39], we concluded that the value of a generalized
eigenfunction at a finite point of the semilattice that provides the superselection sector of the volume can be obtained
from its values at the two first points. The expression that gives the generalized eigenfunction has two terms, each of
which is proportional to the value at either the first or the second point of the semilattice under consideration. We
designed a strategy to obtain the respective proportionality factors (which only depend on the superselection sector
for the volume v and on the corresponding eigenvalue λ). This is achieved via the repeated multiplication of a series
of functions, that we named F±4(v), F 0λ(v), and F
−8(v), combined in a way which is determined by the paths that
can connect a certain pair of integers through steps of one, two, three, or four units [39]. Exactly the same line of
reasoning applies to the situation that we are now dealing with. However, the relevant functions, that we now call
F˜±4α (v), F˜
0
λ,α(v), and F˜
−8
α (v), are slightly different owing to our modifications in the representation. On the one
hand, the functions f
(n)
± (v), used in Ref. [39], must be replaced with the new functions f˜
(n,α)
± (v). On the other hand,
additional terms appear due to the nonvanishing of g˜
(α)
0 (v) for arbitrary values of α. This affects F˜
±4
α (v) and F˜
0
λ,α(v),
since only the terms proportional to |v ± 4〉 and |v〉 receive new contributions in Eq. (A18). The final outcome is
F˜ 0λ,α(v) =
4γ2
1 + γ2
λ−
{[
f˜
(2,0)
+ (v)
]2
+
[
f˜
(2,0)
− (v)
]2}
f˜
(4,α)
− (v + 8)f˜
(4,α)
− (v + 4)
+
[
f˜
(4,α)
+ (v)
]2
+
[
f˜
(4,α)
− (v)
]2
−
[
g˜
(α)
0 (v)
]2
f˜
(4,α)
− (v + 8)f˜
(4,α)
− (v + 4)
, (A19)
F˜±4α (v) =
4γ2
1 + γ2
f˜
(2,0)
∓ (v ± 4)f˜ (2,0)∓ (v ± 2)
f˜
(4,α)
− (v + 8)f˜
(4,α)
− (v + 4)
±
f˜
(4,α)
∓ (v ± 4)
[
g˜
(α)
0 (v) + g˜
(α)
0 (v ± 4)
]
f˜
(4,α)
− (v + 8)f˜
(4,α)
− (v + 4)
, (A20)
F˜−8α (v) = −
f˜
(4,α)
+ (v − 8)f˜ (4,α)+ (v − 4)
f˜
(4,α)
− (v + 8)f˜
(4,α)
− (v + 4)
. (A21)
In the limit α→ 0, where the usual operator representation is recovered, all new contributions (proportional to g˜(α)0 )
vanish. Therefore, in this case the generalized eigenfunctions are only modified by the replacement f
(n)
± (v)→ f˜ (n,α)± (v).
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